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w xThe automorphism group of the vertex operator algebra associated to the 8, 4, 4
extended binary Hamming code H is determined, and an isomorphism of the8
automorphism group onto the trio stabilizer of the largest Mathieu group M is24
established. Q 2000 Academic Press
INTRODUCTION
The aim of this paper is to determine the automorphism group of the
w xvertex operator algebra associated to the 8, 4, 4 extended binary Ham-
ming code H .8
Ž .The theory of vertex operator algebras VOAs was initiated by
w x w xBorcherds Bo1 and Frenkel et al. FLM in relation to the study of the
Monster, the largest sporadic finite simple group. The notion of VOAs is
also seen to be a mathematical axiomatization of the notion of the chiral
w xalgebra of two-dimensional conformal field theories BPZ . The moonshine
module constructed by Frenkel et al. is the main example of a VOA, on
which the Monster acts as an automorphism group of the structure of a
VOA.
However, it seems that only a few nice examples of VOAs having a finite
group as the automorphism group were known before Miyamoto invented
w xthe theory of code VOAs in Mi2 inspired by the discovery of 48 mutually
commutative Virasoro vectors in the moonshine module due to Dong et al.
w xDMZ .
Roughly speaking, the code VOA V associated to an even binary linearD
code D is a sum of tensor products of the Ising model, the irreducible
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unitary highest weight representations of the Virasoro algebra of central
1charge , where the number of the factors is the length of the code D, and2
the summands are in one-to-one correspondence with D by forming the
1 1 1 1Ž . Ž .tensor product of L , 0 ’s and L , ’s according to codewords.2 2 2
Now, if the code D is doubly even then the subspace of V withD
conformal weight 1 is 0, and moreover the automorphism group is a finite
group. It is quite interesting to determine the structure of the automor-
phism group of such code VOAs.
In this paper, we shall consider the case of the smallest doubly even
w xself-dual code D s H , the 8, 4, 4 extended binary Hamming code, and8
determine the automorphism group of V . This is done by looking at theH8
automorphism group of the Griess algebra B , the subspace with confor-H8
mal weight 2 equipped with a commutative nonassociative algebra struc-
ture with an invariant bilinear form coming from the structure of a VOA.
We will first determine the automorphism group of B and then showH8
Ž .that it actually coincides with Aut V . To this end, we will use the resultH8
of Miyamoto that there are three sets of eight mutually commutative
1 Ž .Virasoro vectors of central charge in B . Then Aut B is realized as aH H2 8 8
certain subgroup of the symmetric group S . We will classify the elements24
Ž .of Aut B and then show that they are actually obtained by restrictingH8
Ž .automorphisms of V . As a result, we find that Aut V has the shapeH H8 86 Ž Ž . . Ž .Ž Ž ..2 : GL 2 = S , where GL 2 s PSL 2 is the unique simple group of3 3 3 3
Ž .order 168 Theorem 3.3.2 . The structure of the Griess algebra B isH8
interesting in its own right.
Now, there is a group having a similar structure, the trio stabilizer of the
largest Mathieu group M . It has a permutation representation coming24
Ž .from the action on the Steiner system S 5, 8, 24 , and it has the shape
6 Ž Ž . . Ž .2 : PSL 7 = S , which differs from the shape of Aut V in that the2 3 H8
Ž . Ž . Ž . Ž .GL 2 is replaced by PSL 7 . However, the groups GL 2 and PSL 73 2 3 2
are isomorphic.
We shall construct an explicit isomorphism from the trio stabilizer to
Ž . Ž . Ž .Aut V by extending a certain isomorphism from PSL 7 to GL 2H 2 38
Ž . Ž .Theorem 5.2.2 . We note that the permutation representation of Aut VH8
that comes from the structure of the Griess algebra and the permutation
representation of the trio stabilizer are not equivalent to each other.
However, we will show that the permutation representation of the trio
stabilizer by conjugation on a conjugacy class consisting of 24 involutions
Ž . Žbecomes isomorphic to the permutation representation of Aut V Theo-H8
.rem 5.3.1 .
1 w xAfter finishing this work, the authors noticed that such VOAs are also studied in DGH
along with a class of VOAs called framed VOAs.
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Throughout the paper, we will work over the field C of complex
numbers unless otherwise stated, except for binary linear codes, which are
vector spaces over the field F of two elements. However, most of the2
statements are valid over any field of characteristic 0. In particular, all the
objects treated in this paper are defined over the field Q of rational
numbers. We denote the set of integers by Z.
1. PRELIMINARIES
In this section, we review and summarize some known results that will
Ž .be used later. For the general theory of a vertex operator super algebra,
w xwe refer the reader to FLM, Kac, MN .
1.1. Vertex Operator Superalgebras
Let V s V [ V be a vertex superalgebra, where V and V denote the0 1 0 1
even part and the odd part, respectively. For homogeneous elements
Ž . Ž . Ž . pŽa. Ž .aa, b, . . . with parity p a , p b , . . . , we abbreviate y1 by y1 ,
Ž . pŽa. pŽb. Ž .aby1 by y1 , and so on.
A Virasoro ¤ector of central charge c g C is a nonzero vector e g V0
such that, setting
Y e, z s Le zymy2 , Le s e g End V ,Ž . Ý m m Žmq1.
mgZ
the operators Le form a representation of the Virasoro algebra of centralm
Ž .charge c. We denote this action of the Virasoro algebra by V ir e .
Virasoro vectors are said to be mutually commutati¤e if the correspond-
ing actions of the Virasoro algebra commute. A conformal ¤ector 2 is a
Virasoro vector v g V such that
v a s a 1 for all a g V ,Ž0. Žy2.
Lv s v is semisimple, and0 Ž1.
m mq1r2V s V , V s V ,[ [0 1
mgZ mgZ
where V d is the eigenspace with eigenvalue d with respect to Lv.0
Ž .In this paper, we mean by a ¤ertex operator superalgebra VOSA a vertex
superalgebra V equipped with a distinguished conformal vector such that
the eigenspaces V d are finite dimensional and V d s 0 for d - 0. The
2 Our usage of the term conformal ¤ector differs from that of Miyamoto.
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eigenvalue d is called the conformal weight. A VOSA V is called a ¤ertex
Ž .operator algebra VOA if V s 0. In this case, we also say that V is1
bosonic.
Ž . Ž .Given VOSAs U, 1 , v , Y and V, 1 , v , Y , the vector spaceU U U V V V
U m V equipped with 1 s 1 m 1 , v s v m 1 q 1 m v andUmV U V UmV U V
b aXX X X XY a m b , z a m b s y1 Y a, z a m Y b , z bŽ . Ž . Ž . Ž . Ž .
is a VOSA, called the tensor product of VOSAs U and V. The map
abC : U m V “ V m U, a m b ‹ y1 b m a 1.1.1Ž . Ž .U V
gives rise to an isomorphism of VOSAs.
1.2. Code VOA
Let us review the construction of code VOAs in a simpler way than that
w x 3given in Mi2 at least for what we need in this paper.
1 4Let A be the algebra generated by c ‹ k g Z q subject to thek 2
defining relations
1
w xc , c s d , k , l g Z q ,k l kql , 0q 2
w xwhere , denotes the anticommutator. Consider the generating seriesq
c z s c zyky1r2 .Ž . Ý k
k
< :Let M be the Fock representation of A with the vacuum vector 0 . It is
well known that the space M, with the standard Z -grading, has a unique2
< : Ž < : .structure of a vertex superalgebra with 1 s 0 such that Y c 0 , z sy1r2
Ž .c z . The vector
1
< :v s c c 0y3r2 y1r22
1 Ž .is a conformal vector of central charge , and the quadruple M, 1, v, Y is2
4 Ž w x.a VOSA. It is also well known that cf. KR
1 1 1
M , L , 0 , M , L , ,0 1ž / ž /2 2 2
3 w xSee also DGH, Prop. 2.16 .
4 w x Ž w x.Miyamoto Mi2 described the same VOSA in the bosonized form cf. EGRS .
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Ž .where L c, h denotes the irreducible highest weight representation of
central charge c with the highest weight h. The component M is0
1< : < : < :generated by 0 , whereas M is generated by s c 0 .1 y1r22
For each sequence w s w ??? w g F N, consider the space1 N 2
1 w 1 w1 N
M s M m ??? m M , L , m ??? m L , .w w w1 N ž / ž /2 2 2 2
Here we have regarded the elements of F as the integers 0 and 1. Then2
this space naturally becomes a representation of the direct sum of N
copies of the Virasoro algebra. We denote the highest weight vector by
w w1 N
< : < :w s w ??? w s m ??? m .1 N ; ;2 2
Now, let D be a binary linear code of length N, which we will simply call
w xa code. Following Miyamoto Mi2 , we sum up M ’s over the codewordsw
w g D:
V s M .[D w
wgD
Then the structure of a VOSA on MmN restricts to that on the subspace
V . The VOSA V is called the code VOSA associated to D. We setD D
1
i < : < : < : < : < :v s 0 m ??? m 0 m c c 0 m 0 m ??? m 0 ,y3r2 y1r22
where the ith factor is the conformal vector of M.
If D is an even code then V is bosonic. Even in this case, the signD
factor appearing in the tensor product does not vanish in general; the
linear map Y is given by
Y a m ??? m a , z b m ??? m bŽ . Ž .1 N 1 N
Ý a bi- j j is y1 Y a , z b m ??? m Y a , z b .Ž . Ž . Ž .1 1 N N
Note that an automorphism g of the code D always lifts to an automor-
phism a of V . We choose the one that is induced by the commutativityg D
Ž .constraint 1.1.1 .
1.3. Special Virasoro Vectors
Let V be a VOSA and let e be a Virasoro vector with conformal weight
2. Suppose that V is completely reducible with respect to the action
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Ž .V ir e and each irreducible component is isomorphic to a unitary irre-
ducible highest weight representation. In particular, if the central charge
1of e is then we may write2
1 1
V s V 0 [ V [ V ,Ž .e e ež / ž /2 16
1Ž . Ž .where V h is the sum of the submodules isomorphic to L , h .e 2
By a special Virasoro ¤ector 5 we mean a Virasoro vector e of central
1charge with conformal weight 2 such that2
1
V s V 0 [ V . 1.3.1Ž . Ž .e e ž /2
For such an e, we may consider the linear map s : V “ V defined bye
< <s s id , s s yid . 1.3.2Ž .V Ž0. V Ž1r2.e V Ž0. e V Ž1r2.e ee e
w xBy the fusion rules of the Ising model BPZ, DMZ, Wa , we obtain the
following result.
PROPOSITION 1.3.1. For a special Virasoro ¤ector, the linear map s gi¤ese
rise to an automorphism of a VOA.
This result, as well as the automorphism t in case the componentse
1 1Ž .isomorphic to L , are present, was first stated and proved by Miyamoto2 16
w x 6Mi1, Theorems 4.6 and 4.8 in the context of a VOA, although it seems
Ž w x.to have been known to physicists cf. Gi, p. 122 .
1.4. Griess Algebra
We will say that a VOA V is doubly bosonic if
V 0 s C1 , C and V 1 s 0.
For example, if D is doubly e¤en, namely, if the Hamming weight of any
codeword is divisible by 4, then the VOA V is doubly bosonic.D
Let V be a doubly bosonic VOA and let B denote the subspace V 2. Set
1
a ? b s a b , a ‹ b 1 s 2 a b for a, b g B.Ž .Ž1. Ž3.2
The space B equipped with these structures is called the Griess algebra of
Ž w x.V cf. FLM . We have normalized the structures of B so that a vector
5 w xIt is called a conformal ¤ector of type 2 in Mi1 .
6 w xCf. DGH .
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e g B is a Virasoro vector of central charge c if and only if it is an
Ž .idempotent such that e ‹ e s c. Two idempotents e and f in B are said to
Ž .be mutually orthogonal if e ? f s 0, which implies e ‹ f s 0.
Now, for an idempotent e in B, we set
e e  e 4B s a g B ‹ e ‹ a s 0 and B h s a g B ‹ 2 e ? a s ha 4Ž . Ž .
for h g C.
We say that an idempotent e g B is a special idempotent if it satisfies
1Ž .e ‹ e s and2
1
e eB s Ce [ B 0 [ B .Ž . ž /2
Ž .Note that this condition is weaker than the condition 1.3.1 for a special
Virasoro vector, so that a special Virasoro vector is always a special
idempotent but the converse is not necessarily true.
w xThe following is a restatement of Mi1, Lemma 6.11 , which is a
consequence of the fusion rules of the Ising model.
LEMMA 1.4.1. Let B be the Griess algebra of a doubly bosonic VOA V and
let e g B be a special Virasoro ¤ector. Then, for any special idempotent f g B,
1 1 1Ž . Ž . Ž .we ha¤e e ‹ f s 0, , or . If e ‹ f s 0 then e ? f s 0 and if e ‹ f s2 16 2
then e s f.
Proof. For the reader’s convenience, we include the proof, which is
Ž .basically the same as that of Miyamoto. Set m s e ‹ f . Since f is a special
f Ž .idempotent, we may write e s 2m f q b q b , where b g B 0 and b g0 1 0 1
1f Ž .B , from which we deduce that2
4 f ? e ? f y e ? f y 6m f s 0. 1.4.1Ž . Ž .
Since e is a special Virasoro vector, we may write f s 2me q a q a ,0 1
1e eŽ . Ž .where a g B 0 and a g B . Then we have a ? a , a ? a g Ce [0 1 0 0 1 12
1e eŽ . Ž .B 0 and a ? a g B by the fusion rules. Substitute f s 2me q a q a0 1 0 12
in f ? f y f s 0 and take the odd part, i.e., the component belonging to
1eŽ . Ž .B . Then we obtain 2 a ? a q m y 1 a s 0. On the other hand, by0 12
Ž . Ž .taking the odd part of 1.4.1 , we get 4a ? a y 14m q 1 a s 0. Eliminat-0 1 1
1Ž .ing a ? a , we have 16m y 1 a s 0. So if a / 0 then m s . If a s 00 1 1 1 116
Ž . Ž 2 .then, by taking the even part of 1.4.1 , we have 2 2m y m e y 6ma s 0.0
Therefore, 2m2 y m s 0 and ma s 0. If m s 0 then f s a , so e ? f s e ?0 0
1a s 0. If m s then a s 0, so f s 2me s e. Q.E.D.0 02
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2. HAMMING CODE VOA VH8
In this section, we describe the structure of the Griess algebra of the
code VOA associated to the extended binary Hamming code H .8
2.1. Extended Binary Hamming Code H8
2Ž .We first consider the two-dimensional projective space P 2 over F ,2
Ž . 2Ž .which has seven points and seven projective lines. We identify P 2 with
X  4the set V s 1, 2, 3, 4, 5, 6, 7 of seven letters via the mapping defined by
w x w x w x w x0 : 0 : 1 ‹ 1, 1 : 0 : 1 ‹ 2, 0 : 1 : 1 ‹ 7, 1 : 1 : 1 ‹ 4,
w x w x w x1 : 0 : 0 ‹ 3, 0 : 1 : 0 ‹ 6, 1 : 1 : 0 ‹ 5. 2.1.1Ž .
Then the set of lines are mapped to
 4  4  4  4  4  4  4L s 1, 2, 3 , 1, 4, 5 , 1, 6, 7 , 2, 4, 6 , 2, 5, 7 , 3, 4, 7 , 3, 5, 6 . 4
Now, the lines of VX together with the empty set and their complements
Ž X.form a four-dimensional subspace of the power set P V with the
w xstandard structure of a vector space over F . It is the 7, 4, 3 Hamming2
7 w xcode H ; F . Then the 8, 4, 4 extended Hamming code H is defined by7 2 8
H s w w ??? w g F8 ‹ w ??? w g H , w s w q ??? qw . 2.1.2Ž . 48 0 1 7 2 1 7 7 0 1 7
The code H is the smallest doubly even self-dual code.8
2.2. The VOA VH8
Consider the code VOA V associated to the extended Hamming codeH8
< <H . Let w denote the Hamming weight of a codeword w g D.8
LEMMA 2.2.1. For any codewords ¤ , w g H of Hamming weight 4, we8
ha¤e
< : < :¤ w s d ,Ž3. ¤ , w
¡ i < <2 v if ¤ q w s 0,Ý
0FiF7, w s1i~< : < :¤ w s Ý ¤ wŽ1. i- j j i < : < <y1 ¤ q w if ¤ q w s 4,Ž .¢ < <0 if ¤ q w s 8.
Here, for H doubly even, it is possible to eliminate the sign factors8
from the formulas above by appropriately changing the signs of the highest
8 Instead of doing this, we could have started by defining the VOA structure on VH8
without the sign factors arising from the tensor product.
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7 < :weight vectors. We fix such a choice once and for all and let w denote
the modified highest weight vector corresponding to the codeword w g H8
from now on.8
As H is doubly even, the VOA V is doubly bosonic and8 H8
7
2 i < :V s Cv [ C w ,[ [H ž /8 ž /is0 < <wgH , w s48
w xwhich is 22-dimensional. In Mi2 , it is shown that there are 16 Virasoro
1 0 7vectors of central charge other than the Virasoro vectors v , . . . , v .2
w x.They are given by the following Mi2, proof of Theorem 5.3 .
Ž . 8PROPOSITION 2.2.2 Miyamoto . For each sequence ¤ g F , the ¤ector2
1 1 7Ý ¤ w¤ is0 i i < :s s v q y1 wŽ .Ý8 8 < <w s4
1 u ¤is a Virasoro ¤ector of central charge , and s s s holds if and only if2
u y ¤ g H .8
Proof. By Lemma 2.2.1, we have
2 4 7Ý ¤ w¤ ¤ is0 i i < :s s s v q y1 wŽ .ÝŽ1. 64 64 < <w s4
1
iq 2 vÝ Ý64 < < w s1w s4 i
1 X7 Ž . XÝ ¤ w qwis0 i i i < :q y1 w q w .Ž .Ý64 X X< < < < < <w s w s wqw s4
Here the third term contains 7 summands of which w s 1 for a given i,i
Ž X.and the last term contains 12 summands corresponding to pairs w, w
such that w q wX is a given wY. Thus s¤ s¤ is equal toŽ1.
2 14 4 7Ý ¤ wis0 i i < :v q v q y1 wŽ .Ý Ý64 64 64w s1 < <w s4i
12 Y7 YÝ ¤ w ¤is0 i i < :q y1 w s 2 s .Ž .Ý64 Y< <w s4
7 w Ž .x wThe cocycle chosen in Mi2, 4.4 coincides with our sign factors, so that Mi2, Lemma
x5.1 needs to be adjusted.
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It is easy to see s¤ s¤ s 1r4, and the condition s¤ s¤ s 0 and s¤ s¤ s 0Ž3. Ž2. Žm.
for m G 4 is obvious by the grading of V . Now, su s s¤ holds if and onlyH8
Ž .Ý7is0 uiw i Ž .Ý7is0¤ iw iif y1 s y1 for all the codewords w g H . This is equiva-8
lent to u y ¤ g H Hs H . Q.E.D.8 8
Let us denote these Virasoro vectors9 as
1 1 w ii i i < :e s v , e s v q y1 w ,Ž .Ý1 2 8 8 < <w s4
1 1 w qw0 ii < :e s v q y1 wŽ .Ý3 8 8 < <w s4
for i s 0, 1, . . . , 7. Classifying the highest weight vectors with respect to the
Ž 0. Ž 7.action V ir e m ??? m V ir e , we see that the 24 Virasoro vectors area a
special Virasoro vectors.
2.3. Structure of the Griess Algebra of VH8
 4  4 XWe set V s 0, 1, . . . , 7 s 0 " V . Let (: V = V “ V denote the
3Ž .addition on the affine space A 2 ; it is given by i( i s 0, 0( i s i(0 s i
and
i( j s the other point on the line through i and j
for 1 F i / j F 7.
The Griess algebra B s V 2 is described in terms of the VirasoroH H8 8
vectors as follows.
Ž .LEMMA 2.3.1. 1 The multiplication is gi¤en by
1
i j j i j i j i( je ? e s d e and e ? e s e q e y e if a / b ,Ž .a a i , j a a b a b c8
 4  4where c is such that a, b, c s 1, 2, 3 .
Ž .2 The bilinear form is gi¤en by
1 1
i j i je ‹ e s d and e ‹ e s if a / b.Ž . Ž .a a i , j a b2 16
9 w x i i iIn Mi2 they are denoted by e , f , and d , respectively.
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Ž . Ž . Ž .Proof. 1 For a, b s 1, 2 , we have
v i 1 v i 1w wj ji j i < : < :e ? e s q y1 v w s q y1 wŽ . Ž .Ý Ý1 2 Ž1.8 16 8 32< < < <w s4 w s4, w s1i
and
1 1 v 1 w ji j i( j i < :e q e y e s v q q y1 wŽ .Ž . Ý1 2 3 ž8 8 8 8 < <w s4
v 1 w qw0 i( j < :y y y1 wŽ .Ý /8 8 < <w s4
v i 1 w w qwj 0 i( j < :s q y1 y y1 w .Ž . Ž .Ž .Ý8 64 < <w s4
They coincide since, for any codeword w g H , w s w q w if and only8 j 0 i( j
Ž . Ž . Ž . Ž .if w s 0. The case a, b s 1, 3 is similar. For a, b s 2, 3 , we havei
v 1 1 X Xw w qw Xi 0 ji j < : < :e ? e s q y1 w q y1 wŽ . Ž .Ý Ý2 3 64 64 64 X< < < <w s4 w s4
1 X Xw qw qw Xi 0 j < :q y1 w q wŽ .Ý128 X X< < < < < <w s w s wqw s4
1 w qw qwi 0 j kq y1 v .Ž .Ý Ý64 < < w s1w s4 k
Ž X.In the fourth term, the 12 summands corresponding to pairs w, w such
that w q wX is a given wY cancel with each other. The other terms are
written as
v 1 w w qwi 0 ji j < :e ? e s q y1 q y1 wŽ . Ž .Ž .Ý2 3 64 64 < <w s4
71 w qw qwi 0 j kq y1 v .Ž .Ý Ý64 ks0 < <w s4, w s1k
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On the other hand, we have
1 1 v 1 w ii j i( j < :e q e y e s q y1 wŽ .Ž . Ý2 3 1 ž8 8 8 8 < <w s4
v 1 w qw0 j i( j< :q q y1 w y vŽ .Ý /8 8 < <w s4
v 1 v i( jw w qwi 0 j < :s q y1 q y1 w y .Ž . Ž .Ž .Ý32 64 8< <w s4
They coincide since we have
y7 if k s i( j,w qw qwi 0 jy1 sŽ .Ý ½ 1 otherwise.< <w s4, w s1k
Ž .The proof of 2 is easy. Q.E.D.
This lemma completely describes the Griess algebra B , since it isH8
spanned by the 24 Virasoro vectors.
˜To give a precise statement, let B be the 24-dimensional vector space
3 7
iB˜ s Ce ,˜[ [ a
as1 is0
with the same multiplication rule and the same bilinear form as in the
7 i ˜Ž . lemma. Set v s Ý e a s 1, 2, 3 . Then the subspace J s lv q mv˜ ˜ ˜ ˜a is0 a 1 2
˜4qnv ‹ l, m, n g C, l q m q n s 0 is an ideal of the algebra B. Now,˜3
˜ i i Žconsider the linear map B “ B defined by e ‹ e a s 1, 2, 3, i s˜H a a8
.0, . . . , 7 . Then the lemma says that this map is a homomorphism of
˜algebras that preserves the bilinear form, and its kernel coincides with J.
Therefore, we obtain the following result.
˜ ˜PROPOSITION 2.3.2. The Griess algebra B is isomorphic to BrJ.H8
Note that the conformal vector
7 7 7
i i iv s e s e s eÝ Ý Ý1 2 3
is0 is0 is0
is the identity element of the Griess algebra. We also note that the bilinear
Ž < .form is nondegenerate.
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2.4. Characterization of the 24 Virasoro Vectors
Now, set
E s e0 , . . . , e7 , E s e0 , . . . , e7 , E s e0 , . . . , e7 . 4  4  41 1 1 2 2 2 3 3 3
Each of these is a set of eight mutually orthogonal special idempotents.
Ž w x.The sets E , E , E are characterized as follows cf. Mi4 .1 2 3
PROPOSITION 2.4.1. The three sets E , E , E are exactly the sets of eight1 2 3
mutually orthogonal special idempotents in the Griess algebra B .H8
 0 74Proof. Let E s e , . . . , e be another set of eight mutually orthogonal
special idempotents. Then, since the 24 Virasoro vectors are special,
1 1i jŽ .e ‹ e is 0, , or for any a s 1, 2, 3 and i, j s 0, . . . , 7 by Lemma 1.4.1.a 2 16
1i jŽ .Suppose that e ‹ e s for all a s 1, 2, 3 and j s 0, . . . , 7. Then wea 16
1i j j jŽ .have e y v ‹ e s 0 for all e ’s. Since the vectors e span B and thea a a H8 8
1iŽ < .bilinear form is nondegenerate, we have e s v, a contradiction.8
1j i j 7 iŽ . ŽTherefore, there exists some e such that e ‹ e / . Then, since Ý ea a js016
1j i 7 i j. Ž . Ž .‹ e s e ‹ v s Ý e ‹ e s , there exists some k such thata js0 2
1¡
if j s k ,i j ~e ‹ e s 2Ž .a ¢0 if j / k .
k i 7 Ž h j .In particular, we have e s e g E. If j / k then, since Ý e ‹ e sa hs0 a
1 17 h j i j h jŽ . Ž . Ž .Ý e ‹ e s and e ‹ e s 0, we must have e ‹ e s for some h.hs0 a a a a2 2
Thus e j s eh g E. Hence E must coincide with E . Q.E.D.a a
3. AUTOMORPHISM GROUP OF VH8
In this section, we determine the structure of the automorphism group
of the Griess algebra of V and show that it coincides with the automor-H8
phism group of the VOA V .H8
3.1. Automorphism Group of H8
3Ž .Let us consider the three-dimensional affine space A 2 over F , which2
2Ž .we regard as the union of P 2 and the origin of the affine space. We
3Ž .assign the number 0 to the origin, providing a bijection of A 2 onto
 4 2Ž . X  4V s 0, 1, . . . , 7 , which extends the bijection P 2 , V s 1, . . . , 7 . Then
Ž .the automorphism group of H is identified with the group AGL 2 of all8 3
3Ž .affine transformations of A 2 .
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i 3Ž .Now, let t be the unique affine translation of A 2 that sends 0 to
iŽ .i: t d s i( d for j s 0, . . . , 7. Denote
 0 7 4 3A s t , . . . , t , 2 .
Ž . Ž . 3 Ž .Then the group Aut H s AGL 2 has the shape 2 : GL 2 , where8 3 3
Ž . 2Ž .GL 2 is the automorphism group of P 2 , regarded as a subgroup of the3
symmetric group S .7
3.2. Automorphism Group of the Griess Algebra
Let a be an automorphism of the Griess algebra B . By PropositionH8
2.4.1, a permutes the 24 Virasoro vectors, and we have a homomorphism
Aut B “ SŽ .H 248
of groups to the symmetric group S . It is injective because the 24 special24
Ž .Virasoro vectors span the space B ; we identify Aut B with a subgroupH H8 8
of S .24
Further, since a maps each of the E , E , E to one of them, we can1 2 3
Ž . Ž .uniquely express an element of Aut B as a s g , g , g s , whereH 1 2 38
g g S , s g S .a 8 3
 4  4LEMMA 3.2.1. Let g , g , g g S , s g S and a, b, c s 1, 2, 3 . Then1 2 3 8 3
Ž . Ž . Ž . Ž .the element a s g , g , g s belongs to Aut B if and only if g i ( g j1 2 3 H a b8
Ž .s g i( j holds for all i, j s 0, . . . , 7.c
Proof. By Lemma 3.3.1, we have
1
i j g Ž i. g Ž j. g Ž i.( g Ž j.s Ža. s Žb. s Ža. s Žb.a e ? a e s e q e y e ,Ž . Ž . Ž .a b s Ža. s Žb. s Žc.8
1
i j g Ž i. g Ž j. g Ž i( j.s Ža. s Žb. s Žc.a e ? e s e q e y eŽ . Ž .a b s Ža. s Žb. s Žc.8
 4  4for all a, b, c such that a, b, c s 1, 2, 3 . They coincide if and only if
Ž . Ž . Ž .g i ( g j s g i( j for all i, j s 0, . . . , 7 and for some a, b, c such thata b c
 4  4a, b, c s 1, 2, 3 . Q.E.D.
For example, taking g s g s g s id, we see that the symmetric group1 2 3
Ž .S is identified with a subgroup of Aut B by letting s g S act as3 H 38
s : ei ‹ ei , a s 1, 2, 3, i s 0, . . . , 7.a s Ža.
We will call this subgroup the plain S .3
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Consider the subgroup
AutX s Aut B l S = S = S .Ž .Ž .H 8 8 88
The following lemma is the key observation for considering the structure
of AutX.
Ž . X  4LEMMA 3.2.2. Let a s g , g , g be an element of Aut and let a, b, c1 2 3
 4 Ž .s 1, 2, 3 . Then g s g if and only if g 0 s 0.a b c
Ž .Proof. Suppose g s g . Then, for any i s 0, . . . , 7, we have g 0 ( i s2 3 1
Ž . Ž y1Ž .. Ž y1Ž .. Ž y1Ž ..g 0 ( g g i s g 1( g i s g g i s i. Since 0 is the only iden-1 2 2 3 2 3 2
Ž . Ž . Ž .tity element of V, ( , we see that g 0 s 0. Conversely, suppose g 0 s 0.1 1
Ž . Ž . Ž . Ž . Ž . Ž .Then, for any i, g i s 0( g i s g 0 ( g i s g 0( i s g i . Thus2 2 1 2 3 3
g s g . Other cases are similarly treated. Q.E.D.2 3
 0 74Now, recall the group A s t , . . . , t of affine translations.
Ž .LEMMA 3.2.3. Let g s g , g , g be an element of S = S = S . If one1 2 3 8 8 8
of the g ’s is the identity then g belongs to AutX if and only if the others are thea
same affine translation.
Proof. It is directly verified that if one of the g ’s is the identity and ifa
the others are the same affine translation then g is an automorphism of
Ž .B . Conversely, let g s id, g, g be an automorphism. Let t be the affineH8
Ž . Ž . Ž .translation such that t 0 s g 0 . Then the composition id, gt, gt is an
Ž .automorphism satisfying gt 0 s 0. Then, by the previous lemma, we must
have id s gt, so g s t. Q.E.D.
Consider the subgroup of A = A = A generated by the 24 elements
Ž . Ž . Ž . Ž .id, t, t , t, id, t , and t, t, id t g A , as in the lemma. This group is
isomorphic to the elementary abelian group of order 26 consisting of
Ž .elements t , t , t g A = A = A such that t t t s id. We will call them1 2 3 1 2 3
extended affine translations.
Ž . XLEMMA 3.2.4. Let g be an element of S . Then g, g, g belongs to Aut if8
Ž .and only if g is an element of GL 2 .3
Ž . XProof. Suppose that g, g, g belongs to Aut . Then we must have
Ž . Ž . Ž . Ž .g 0 s 0 by the previous lemma. Since g i ( g j s g i( j for 1 F i / j F
2Ž . Ž .7, g is an automorphism of P 2 . So g belongs to GL 2 . The converse is3
obvious. Q.E.D.
Let us call the subgroup formed by these 168 elements the diagonal
Ž .GL 2 .3
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Ž .PROPOSITION 3.2.5. An element of Aut B is uniquely expressed asH8
t , t , t g , g , g s ,Ž . Ž .1 2 3
Ž . Ž .where t , t , t is an extended affine translation, g g GL 2 and s is an1 2 3 3
element of the plain S .3
Ž . XProof. Suppose that g , g , g is an element of Aut . Take the affine1 2 3
Ž . Ž . Ž . Ž .translation s such that s 0 s g 0 and t such that t 0 s g 0 . Consider1 3
Ž . Ž . Ž . Ž .the composition h , h , h s sg , stg , tg . Since h 0 s h 0 s 0, we1 2 3 1 2 3 1 3
must have h s h s h by Lemma 3.2.3. Therefore, any element of AutX1 2 3
Ž .Ž .Ž .is expressed as s, s, id id, t, t g, g, g . Taking the plain S into account,3
we easily get the result. Q.E.D.
< Ž . < 6In particular, we see that the order is Aut B s 2 = 168 = 6 sH8
Ž .64,512. Since the diagonal GL 2 obviously commutes with the plain S3 3
and since the extended affine translations form a normal subgroup isomor-
6 Ž . 6 Ž Ž . .phic to 2 , the group Aut B has the space 2 : GL 2 = S .H 3 38
3.3. Automorphism Group of VH8
We turn to the full automorphism group of V . Since an automorphismH8
of V acts on B as an automorphism of the Griess algebra, we obtain aH H8 8
homomorphism
r : Aut V “ Aut BŽ . Ž .H H8 8
of groups by restriction.
PROPOSITION 3.3.1. The homomorphism r is an isomorphism of groups.
Proof. As the VOA V is generated by the subspace B , we immedi-H H8 8
ately see that r is injective. To show the surjectivity, we need to construct
an automorphism of V whose restriction to B coincides with a givenH H8 8
automorphism of B . Since the 24 Virasoro vectors are special, we obtainH8
Ž .the corresponding automorphisms s of VOA V as defined by 1.3.2 .e H8
The actions of s i and s i on B are given bye e H1 3 8
s i : e j ‹ e j , e j ‹ et iŽ j. , e j ‹ et iŽ j. ,e 1 1 2 3 3 21
s i : e j ‹ et iŽ j. , e j ‹ et iŽ j. , e j ‹ e je 1 2 2 1 3 33
Ž w x. 0 0cf. Ma . In particular, s and s generate the plain S . On the othere e 31 3
hand, the compositions s 0 s i for a s 1 and 3 give rise to extended affinee ea a
Ž i i. Ž i i .translations id, t , t and t , t , id on B , respectively, which generateH86 Ž .the group 2 . Now, let g be an element of GL 2 regarded as an3
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automorphism of H that fixes the letter 0. Let a denote the lifting8 g
of g to an automorphism of V , which sends e j to e g Ž j.. Then, byH 1 18
Ž .Ž .Proposition 3.2.5, it is written as t , t , t h, h, h s on B , where1 2 3 H8
Ž . Ž .t , t , t is an extended affine translation, h g GL 2 and s is an1 2 3 3
Ž .Ž .element of S that fixes the letter 1. Since the element t , t , t h, h, h3 1 2 3
Ž . Ž . Ž . Ž .g Aut B satisfies t 0 s t h 0 s g 0 s 0, we have t s id. Therefore,H 1 1 18
Ž .Ž .we must have g s h and t s t . Thus a is written as id, t, t g, g, g s .2 3 g
Ž .Since we already know that id, t, t and s are in the image of r, the
Ž . 6 Ž .diagonal g, g, g is also in the image. Thus the three subgroups 2 , GL 23
Ž .and S that generate Aut B are contained in the image of r, so the3 H8
map r is surjective. Q.E.D.
Thus the automorphism group of the VOA V is canonically isomor-H8
phic to the automorphism group of the Griess algebra B . Combining thisH8
with the result of the preceding subsection, we obtain the following result.
THEOREM 3.3.2. The automorphism group of the Hamming code ¤ertex
6 Ž Ž . .operator algebra is of order 64,512 and of shape 2 : GL 2 = S .3 3
Remark 3.3.3. The same result holds over any field of characteristic 0.
w xNote 3.3.4. One of the authors showed Ma that the plain S of3
Ž .Aut V is naturally identified with the group of the triality automor-H8
Ž .phisms of D , namely the outer automorphism group of Spin 8 , by4
considering a certain embedding of V into the VOA V associated toH D8 4
the lattice of type D .4
4. TRIO STABILIZER OF THE LARGEST
MATHIEU GROUP M24
In this section, we review the definition of M as the automorphism24
Ž .group of the Steiner system S 5, 8, 24 and recall the structure of the trio
stabilizer.
Ž .4.1. Steiner System S 5, 8, 24
Ž .Let H be the extended Hamming code realized as 2.1.2 and let H be8 8
the code formed by the codewords
00000000, 00111100, 10000111, 11001001,
00011101, 01010011, 10010011, 11010100,
00101011, 01101100, 10101100, 11100010,
00110110, 01111000, 11000011, 11111111.
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The code H is isomorphic to H . Now, define8 8
G s X q T , Y q T , Z q T g F 24 ‹ X , Y , Z g H ,Ž . 2 8
T g H , X q Y q Z s 0 ,48
w x Ž w x.which is the 24, 12, 8 extended Golay code cf. Co . The code G contains
Ž .759 octads, which constitute a Steiner system S 5, 8, 24 , which is unique
up to an isomorphism. In particular, G contains the following octads:
00000000 00000000 11111111,
00000000 11111111 00000000,
11111111 00000000 00000000.
We call the set of them the standard trio.
4.2. Trio Stabilizer of M24
The automorphism group of the Steiner system is isomorphic to the
largest Mathieu group M . The subgroup that leaves the standard trio24
invariant is called the trio stabilizer, whose order is 64,512 s 210 ? 32 ? 7. It
Ž w x.is one of the nine maximal subgroups of M cf. Co, Cu . We denote the24
subgroup by Trio.
An element of the trio stabilizer permutes the three octads of the
standard trio. Set
TrioX s Trio l S = S = S .Ž .8 8 8
Let us consider the subgroup of TrioX consisting of the elements of which
the three components are the same. To describe it, we consider the group
Ž . 1Ž .PSL 7 realized as the permutation group acting on the points of P 7 .2
 4We identify this space with the set V s 0, 1, . . . , 7 by
w x w x w x w x0 : 1 ‹ 0, 1 : 0 ‹ 4, 1 : 1 ‹ 5, 1 : 2 ‹ 6,
4.2.1Ž .
w x w x w x w x1 : 3 ‹ 2, 1 : 4 ‹ 7, 1 : 5 ‹ 1, 1 : 6 ‹ 3.
Then the action of the subgroup restricted onto any one of the three
components consisting of eight letters is isomorphic to the permutation
Ž .representation of PSL 7 on V. So we call this subgroup the diagonal2
Ž .PSL 7 , which commutes with the plain S .2 3
Now, recall the group 26 of extended affine translations. It is actually a
X X Ž . 6subgroup of Trio , and Trio is a split extension of PSL 7 by 2 . Thus the2
6 Ž Ž . .trio stabilizer has the shape 2 : PSL 7 = S .2 3
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Ž .5. IDENTIFICATION OF Aut V WITH THEH8
TRIO STABILIZER
In the preceding sections, we saw that the automorphism group of VH8
Ž .and the trio stabilizer have the same structures except that GL 2 in3
Ž . Ž .Aut V is replaced by PSL 7 in Trio:H 28
Trio s 26 : PSL 7 = S , whereas Aut V s 26 : GL 2 = S .Ž . Ž .Ž . Ž .Ž .2 3 H 3 38
In this section, we describe an explicit isomorphism between these two
Ž .groups of different origins, which extends an isomorphism of PSL 7 onto2
Ž .GL 2 .3
Ž . Ž .5.1. Isomorphism PSL 7 , GL 22 3
As is well known, a simple group of order 168 is unique and is
Ž . Ž .isomorphic to both GL 2 and PSL 7 . Let us review an explicit isomor-3 2
w xphism of groups between the two realizations as described in Co .
 4 3Ž . Ž .Recall that we have identified the set V s 0, . . . , 7 with A 2 by 2.1.1
1Ž . Ž . Ž . Ž .and with P 7 by 4.2.1 . Then PSL 7 is actually a subgroup of AGL 22 3
Ž .  4such that PSL 7 l A s id .2
Ž . Ž .Take any element p of PSL 7 and consider p 0 . There is a unique2
Ž . Ž .affine translation s g A such that s 0 s p 0 . We define a mapping
f : PSL 7 “ SŽ .2 8
Ž . y1 Ž . pŽ0.by setting f p s s p s sp. In other words, we set f p s t p.
PROPOSITION 5.1.1. The mapping f is an injecti¤e homomorphism of
Ž .groups, and its image coincides with GL 2 .3
Ž .Proof. Let p, q be elements of PSL 7 and let r, s, and t be the affine2
Ž . Ž . Ž . Ž . Ž . Ž .translations such that r 0 s p 0 , s 0 s q 0 , and t 0 s pq 0 , respec-
Ž . Ž . Ž y1 .Ž .tively. Then we have f p f q s rpsq s rpsp pq . Since A is a normal
Ž . y1subgroup of AGL 2 , psp is one of the affine translations. In particu-3
y1 y1Ž . y1 Ž . y1 Ž .lar, psp commutes with r. So rpsp 0 s psp r 0 s psp p 0 s
Ž . Ž . Ž . Ž . Ž . Ž .ps 0 s pq 0 , and we have f p f q s t pq s f pq . Thus f preserves
Ž .the group multiplication. Next let p g PSL 7 be in the kernel and let s2
Ž . Ž .be the affine translation such that s 0 s p 0 . Then we have sp s id, so
Ž .p s s s id. Finally, since the image f p s tp fixes the point 0, it is an
Ž .element of GL 2 . By comparing the order, we see that the image3
Ž .coincides with GL 2 . Q.E.D.3
Another description of the map f is as follows. Consider the set
 0 74A s t , . . . , t of affine translations.
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Ž . i y1 f Ž p.Ž i. ŽLEMMA 5.1.2. For any p g PSL 7 , we ha¤e pt p s t i s2
.0, . . . , 7 .
Ž . Ž .Proof. Let s be the affine translation such that s 0 s p 0 . Then we
i y1Ž . i y1 Ž . i y1 Ž . iŽ . Ž . i y1Ž .have spt p 0 s pt p s 0 s pt p p 0 s pt 0 s p i , so pt p 0 s
Ž . Ž .Ž . i y1 f Ž p.Ž i.sp i s f p i . Hence pt p s t . Q.E.D.
Ž .Therefore, the permutation representation of PSL 7 on the set A by2
Ž .conjugation coincides with the map f : PSL 7 “ S .2 8
Ž .5.2. Isomorphism Trio , Aut VH8
Ž . Ž .We extend the isomorphism f : PSL 7 “ GL 2 described in the2 3
preceding subsection to a mapping from the trio stabilizer.
Recall that an element t of the trio stabilizer is represented as
t s t , t , t p , p , p s ,Ž . Ž .1 2 3
Ž .where t , t , t g A, p g PSL 7 , and s g S .1 2 3 2 3
Ž . Ž . Ž .Take the affine translation s such that s 0 s p 0 and define w t s
Ž .s, s, s t . In other words, we set
w t s t , t , t f p , f p , f p s .Ž . Ž . Ž . Ž . Ž .Ž .1 2 3
Thus we have defined a mapping w : Trio “ S .24
PROPOSITION 5.2.1. The mapping w is an injecti¤e homomorphism of
Ž .groups, and its image coincides with Aut V .H8
< XProof. We easily see that it suffices to prove that the restriction w Trio
is an injective homomorphism of groups, and its image coincides with AutX.
We will denote w ‹ X simply by w. Now, let us first show that the map wTrio
Ž .Ž .preserves the group multiplication. Let s s s , s , s p, p, p and t s1 2 3
Ž .Ž . Xt , t , t q, q, q be elements of Trio . Take affine translations r, s, and t1 2 3
Ž . Ž . Ž . Ž . Ž . Ž .such that r 0 s p 0 , s 0 s q 0 , and t 0 s pq 0 , respectively. Then we
y1Ž . Ž .have rpsp 0 s t 0 . Therefore,
w s w t s rs , rs , rs p , p , p st , st , st q , q , qŽ . Ž . Ž . Ž . Ž . Ž .1 2 3 1 2 3
s rs , rs , rs pspy1 pt , pspy1 pt , pspy1 pt q , q , qŽ . Ž .Ž .1 2 3 1 2 3
s rpspy1 , rpspy1 , rpspy1 s , s , s p , p , pŽ . Ž .Ž . 1 2 3
= t , t , t q , q , qŽ . Ž .1 2 3
s t , t , t s , s , s p , p , p t , t , t q , q , q s w st .Ž . Ž . Ž . Ž . Ž . Ž .1 2 3 1 2 3
Ž .Ž .We next show that the map w is injective. Let t s t , t , t p, p, p1 2 3
Ž . Ž .belong to the kernel, so that we have st p, st p, st p s id, id, id , where1 2 3
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Ž . Ž .s is the affine translation such that s 0 s p 0 . Then we must have
Ž .Ž .t s t s t . Thus t is written as t, t, t p, p, p , where t g A; so t s id.1 2 3
Ž .Therefore, t s p, p, p and we have t s p s id. Finally, by the construc-
Ž . Ž .tion of the map w, it follows from the isomorphism PSL 7 , GL 2 that2 3
Ž .the image of w is contained in Aut V as a permutation group asH8
described in Sections 3.2 and 3.3. Q.E.D.
Hence we have obtained our main result:
THEOREM 5.2.2. The automorphism group of the Hamming code ¤ertex
operator algebra V is isomorphic to the trio stabilizer of the largest MathieuH8
group M .24
Ž .Note that the permutation representation of Aut V on the 24 specialH8
Virasoro vectors and that of the trio stabilizer with respect to the Steiner
Ž .system S 5, 8, 24 are not isomorphic. To see this, consider the diagonal
Ž .subgroup: it fixes the letter 0 for Aut V , whereas it does not for the trioH8
stabilizer.
5.3. Another Description of the Isomorphism
Ž .There is another description of the mapping w : Trio “ Aut V .H8
Let Q be the set of elements of Trio that exchange the bth and ctha
 4  4eight digits of the Golay code G where a, b, c s 1, 2, 3 . Explicitly, they
are written as
Q s u i ‹ i s 0, . . . , 7 , 4a a
where the elements u i are given bya
u i s id, t i , t i s , u i s t i , id, t i s , u i s t i , t i , id s .Ž . Ž . Ž .1 1 2 2 1 3
 4Here s is the transposition of 1, 2, 3 that fixes the letter a. Then thea
union Q s Q " Q " Q is a conjugacy class of involutions of Trio, so1 2 3
the group Trio acts on the set Q by conjugation. Consider the resulting
permutation representation on 24 letters.
THEOREM 5.3.1. The permutation representation of the trio stabilizer on
Ž .the set Q coincides with the permutation representation of Aut V on the 24H8
special Virasoro ¤ectors.
Ž .Ž . XProof. Let t s t , t , t p, p, p be an element of Trio . Then, by1 2 3
i y1 Ž i y1 i y1. ŽLemma 5.1.2, we have tu t s id, t t pt p , t t pt p s s id,1 2 3 2 3 1
f Ž p.Ž i. f Ž p.Ž i.. t1 f Ž p.Ž i. i y1 t1 f Ž p.Ž i.t t , t t s s u . Similarly, we have tu t s u and1 1 1 1 2 2
tu ity1 s u t1 f Ž p.Ž i.. Now, let s be an element of the plain S . Then we3 3 3
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have tsu isy1ty1 s tu i ty1 s u ts Ža. f Ž p.. Therefore, the permutation rep-a s Ža. s Ža.
Ž .resentation on Q by conjugation is given by ts ‹ w ts , which is nothing
Ž .but the corresponding permutation of Aut V . Q.E.D.H8
Note that the set Q corresponds to the set
S s s i ‹ a s 1, 2, 3, i s 0, . . . , 7 4ea
1iof involutions associated to the Virasoro vectors e of central charge .a 2
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